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Abstract—Measurements of the frequency dependence of 
ultrasonic attenuation can be used as the basis for the esti-
mation of particle size distributions (PSDs) in solid-in-liquid 
suspensions. The method requires matching the attenuation 
simulated by a candidate PSD in combination with a wave 
propagation model to the measured function in a fitting pro-
cedure. Uncertainty in the type of candidate PSD, whether 
based on fractional volume or fractional number of the dis-
persed particles, can cause errors in the overall estimation 
process, particularly for the median particle size. These un-
certainties are investigated in the first part of this paper. The 
second part deals with uncertainties associated with the values 
for the physical properties of the suspended particles, seven 
of which are required in the simulation stage. It is shown that 
the particle sizing exercise is relatively insensitive to all of the 
physical properties except density, for which values are neces-
sary to an accuracy commensurable with that required for the 
two principal parameters associated with the PSD—median 
size and standard deviation. The discussion is limited to small 
(less than 1-μm) silica particles dispersed in water. The results 
will have more general application.
I. Introduction
colloidal mixtures consist of small particles dis-persed in a surrounding liquid with particle sizes in 
the range 10 nm to 100 μm [1]. If the particles are solid, 
the mixture is known as a suspension or slurry; if they are 
in the form of liquid droplets, the mixture is known as an 
emulsion. a monodisperse mixture contains particles of a 
single size, and a polydisperse mixture contains a range of 
particle sizes which is characterized by a particle size dis-
tribution (Psd). Many commercial materials either exist 
in colloidal form or pass through a colloidal stage during 
their manufacture. The Psd is an important measure of 
product quality because it determines such things as sta-
bility and shelf life, as well as the ultimate functionality of 
the material. There are frequent requirements to measure 
Psd for the purposes of process control, quality assurance 
testing, or basic laboratory investigation. Ultrasonic mea-
surements of attenuation or phase velocity as functions of 
frequency can be used to estimate Psd. They have the ad-
vantage over optical techniques that they can be applied 
to mixtures that are optically opaque [2]. The technique 
has been used by, for example, davis [3] to measure mass 
flow and particle size in coal slurries, Mcclements and 
Povey [4] to examine aqueous sunflower oil emulsions in 
the context of the food industry, and Holmes et al. [5] to 
study aqueous suspensions of polystyrene and silica. It is 
generally recognized that ultrasonic wave attenuation is 
more sensitive than phase velocity to dispersed particle 
size [4], and so attenuation is the preferred variable for 
particle sizing [6]. There exists an international standard 
which applies to particle characterization by means of ul-
trasound attenuation spectroscopy [7].
In the ultrasonic method, the attenuation coefficient 
is measured as a function of frequency, typically between 
1 MHz and a few tens of megahertz. a mathematical 
model is run to simulate the measured attenuation func-
tion, see [8]; it has as its inputs the physical properties of 
the continuous and disperse phases in the mixture and a 
candidate Psd function in terms of either the fractional 
volume occupied in the mixture by particles in given size 
ranges, or the number of particles in given size ranges—
the so-called volume and number distributions. The model 
is adapted by changing the parameters of the candidate 
Psd systematically until the best match is obtained be-
tween the measured and simulated attenuation functions 
of frequency. The match is obtained in a least-squared-er-
ror sense [7], typically using the Marquardt algorithm [9], 
[10]. at this point, the adapted candidate Psd is taken to 
represent the real Psd in the test mixture.
There are many potential sources of error in this meth-
od: 1) The measured attenuation is relatively featureless 
as a function of frequency and may be prone to bias and 
variance (noise) errors, see Kalashnikov and challis [11]. 2) 
The underpinning mathematical model is typically based 
on Epstein and carhart [12] and allegra and Hawley [13], 
the so-called EcaH model. Its implementation can take 
many forms with various degrees of approximation which 
can affect the fidelity of computed results. 3) There may 
be uncertainty or misunderstanding of the choice between 
volume- and number-based size distributions. 4) The mod-
eling stage typically requires seven physical parameters to 
describe each phase in the test mixture.
For many materials, these are available from standard 
reference works [14], [15], but there remain many materi-
als of industrial significance where the required properties 
are unknown, immeasurable, or at best extremely diffi-
cult and expensive to obtain. Babick et al. investigated 
two strategies to measure Psd for emulsions with partly 
unknown properties [16]. The first was based on fitting 
modeled sound speed as well as attenuation to the mea-
sured data. The second strategy was based on a statistical 
approach to determine an empirical model. They found 
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that the applicability of these approaches depended on 
the nature of the disperse phase, the range of particle sizes 
compared with the ultrasonic wavelengths, and the par-
ticle concentration. It may be necessary to make estimates 
(intelligent guesses) of the unknown properties, and this 
process implies uncertainty and potential error.
II. Types of Particle size distributions
Ideally, the form of the candidate Psd should match 
the form of the physical Psd in the test mixture, and 
here several functions have been suggested to describe 
appropriate Psds [17]. some of these have been derived 
from pragmatic examination of the closeness of fit with 
measured particle size frequency distributions, and others 
have been derived from distribution functions of a gen-
eral statistical nature. among the latter are the Gaussian 
(normal) and log-normal distributions. Many measure-
ments produce a more or less skewed distribution especial-
ly when mean values are low and variances are large [18]. 
Many real suspensions and emulsions can be described 
simply when expressed in terms of the logarithm of the 
particle radius, rather than on a linear radius scale. This 
is an empirical observation, which probably results from 
the physical and chemical nature of the production of the 
suspension or emulsion, see Kiss et al. [19]. The use of the 
log-normal distribution in particle system characterization 
is detailed in a key international standard [20].The basic 
ideas behind the distribution follow:
The log-normal distribution function qr(x) in particle 
size expresses the probability that a particle will occupy a 
size range x to x + dx [20]
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where x is the particle radius; r is the dimensionality 
(type of quantity) of a distribution, r = 0: number, r = 1: 
length, r = 2: area, r = 3: volume or mass; x50,r is the me-
dian particle size of a distribution of dimensionality r; and 
σ is the dimensionless standard deviation of ln(x). The 
complete kth moment Mk,r of a log-normal distribution of 
a dimensionality r can be defined as [20]
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For a given particulate mixture, there are transformations 
which relate a distribution of dimension p to one of dimen-
sion r [21], as follows:
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where r and p are 0, 1, 2, or 3. This conversion results in 
a change in the overall shape of the distribution caused by 
the change in the height of the density distribution at a 
certain size x [21]. For instance, a volume distribution (r = 
3) can be obtained from a number distribution (p = 0) by
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The resulting volume density distribution is shifted to-
ward the larger particles. This shift is proportional to 
the distribution width [21]. The general relationship for 
particle median sizes of different dimensionalities can be 
expressed as
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on a logarithmic abscissa, (5) becomes
 ln ln ( ) ., ,x x r pr p50 50 2= + − σ  (6)
The log-normal distributions of different dimensionalities, 
r, are related by [20]
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Thus, the log-normal distributions shifts by (r − p)σ2 de-
pending on the direction of the transformation, and their 
widths remain unchanged. For instance, if r = 3 and p = 
0, the log-normal volume distribution q3(x) is obtained 
from the log-normal number distribution q0(x) by shifting 
the latter toward larger sizes by +3σ2:
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There are two principal ways in which this probability 
distribution function can be interpreted. In a number dis-
tribution, if we extracted one particle from a large vol-
ume of suspension the probability density function (PdF) 
expresses the probability that the selected particle has a 
radius between x and x + dx, in which case,
 
dn
n q x xd x= 0( ) ln . (9)
In a volume distribution, we have a PdF which expresses 
the probability that a small sample element of dispersed 
phase volume came from a particle with a radius in the 
range x to x + dx. Here, we have
 
d
q x xd x
φ
φ = 3( ) ln . (10)
For a given number distribution we can obtain the equiva-
lent volume distribution (and vice versa) by combining 
(4), (9), and (10):
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Fig. 1 shows two volume distributions with the same me-
dian x50,3 value but different widths and Fig. 2 shows the 
volume distributions which result when number distri-
butions of the same form as Fig. 1 are transformed to 
volume. The median x50,3 shift and the constancy of the 
standard deviation are clear. Fig. 3 illustrates that the 
number-to-volume transformation obtained using (4) and 
(10) is in agreement with the result from (8) and (10).
III. Wave Propagation Models
There is a vast literature concerning ultrasonic wave 
propagation in colloidal mixtures, reviewed in [1]. The 
model most commonly used was developed by Epstein 
and carhart [12], and allegra and Hawley [13], and is 
known as the EcaH model [7]. It is frequently extended 
by developing the expression for wavenumber using the 
formulation by lloyd and Berry [22], as outlined in [1]. 
The original EcaH model was limited to monodisperse 
mixtures but it can be extended (see [23]) to incorporate J 
different size bins to get the complex wavenumber β. The 
same applies to the lloyd and Berry result, in which case 
the wavenumber becomes (see [23])
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where β is the complex wavenumber in the mixture, kc is 
the compression wave number in the continuous phase, ϕ 
is the volume fraction of particles of radius r, J is the num-
ber of bins, and A0, A1, and A2 are the partial wave am-
plitude coefficients. The physical interpretation of these 
coefficients, and their calculation, are detailed in [23]. A2 
is the quadripole term which will be insignificant for the 
low ranges of (kcx) implicit in this paper. The complex 
wave number is
 ω ω α ω/c i( ) ( ),+  (13)
where ω is angular frequency, c(ω) is phase velocity, α(ω) 
is the amplitude attenuation coefficient and i = −1.
More recently several new works on acoustic wave 
propagation in particulate mixtures have appeared in the 
literature. caleap et al. [24] have derived the effective 
wave number up to second order to describe the propaga-
tion of compressional waves in high-concentration fluids. 
They have used a multiple scattering approach and have 
generalized it to include pair distribution functions that 
Fig. 1. Two volume distributions with the same median value (10 μm) 
and different widths expressed as their standard deviations (0.3 and 
0.9). The median radius corresponds to the peak of the distribution in 
these cases.
Fig. 2. Two volume distributions obtained from number distributions 
with the same median value (10 μm) and different widths expressed as 
their standard deviations (0.3 and 0.9). The median values do not cor-
respond to the peaks of the distributions.
Fig. 3. The number to volume transformation obtained using (4) and 
(10) (dashed line with triangle markers), matches the number to volume 
transformation obtained using (8) and (10) (dotted line with cross mark-
ers). The solid line with plus markers corresponds to the volume dis-
tributions obtained without transformation. The median and standard 
deviation values are 10 μm and 0.9, respectively.
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describe the correlation in spatial position of the spheri-
cal scatters. luppé et al. [25] have extended the scatter-
ing formulations for wave propagation such as EcaH. 
For solid-in-liquid suspensions, they allow the evanescent 
viscosity waves from a given particle to re-scatter and 
mode-convert back to compression waves when they im-
pinge on neighboring particles. In principle, either of these 
approaches could be employed for the computations in 
this study, although they will require some engineering 
development before they can be applied to particle sizing 
in an ultrasonic instrument. The original formulations of 
EcaH and lloyd and Berry have been used with success 
for particle sizing for many years, both in the laboratory 
and in commercial instruments, so we have employed the 
latter for our computations, using (12) with the data from 
Table I.
The multi-polar resonant scattering of emulsions in the 
Mie scattering regime (kcx ≫ 1) have been investigated by 
Brunet et al. [26] and Mascaro et al. [27]. The works used 
Foldy’s model [28] to derive the wavenumber of a particu-
late mixture and demonstrated, with excellent experimen-
tal verification, the resonance behavior of relatively large 
particles, which are outside the size range of interest in 
this paper.
Eq. (12) implies a summation over J size bins, whereas 
model candidate Psds are expressed as continuous func-
tions. When a log-normal distribution in volume is used, 
we have found that the modeled attenuation does not 
change significantly (by less than 1%) if more than nine 
bins are employed. These are arranged in a simple loga-
rithmic progression centered on the modal value ln x50,3 of 
the continuous Psd. The required bin centers are
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The bin sizes are equally spaced between ln x50,3 − 3σ 
and ln x50,3 + 3σ with bin width 6σ/8. However, if the 
candidate distribution used in the modeling phase of the 
particle sizing operation were to be based on number, then 
the number of size bins in the calculation would need to 
change, on the basis of the discussion in section II. We 
know that we can model a volume-based distribution suc-
cessfully using
 ln ln ln ., ,x x x50 3 50 33 3− ≤ ≤ +σ σ  (15)
Because the standard deviation does not alter between 
the two types of distribution, it may be thought that the 
number of size bins need not change for the number dis-
tribution, at least in principle. However, the center of the 
set of bins chosen for the number distribution should shift 
according to
 ln ln ln ., ,x x x50 0 2 50 0 23 3 3 3+ − ≤ ≤ + +σ σ σ σ  (16)
Table II shows the number of bins required for different 
values of σ and for different ranges of x, given by ln x50,0 
± 7σ, ln x50,0 ± 8σ, and ln x50,0 ± 10σ. The table was de-
rived by first calculating the attenuation-versus-frequency 
graph up to 30 MHz using 101 discrete size bins and then 
comparing this result with calculations using smaller num-
bers of bins, in the sequence 9, 11, 13, and so on. When 
the two calculations matched to within 1%, the smaller 
number was entered into the table.
IV. Particle size distribution and attenuation
We now investigate how the form of the Psd affects 
the attenuation spectrum. Ultrasound propagation in col-
loids is generally in the long-wavelength regime (kcx ≪ 1) 
where simplified scattering theories of ultrasound propa-
TaBlE I. Physical Parameters Used in EcaH simulation. 
Parameter 
(sI units) silica Water (25°c)
c (m·s−1) 5968b 1497c
ρ (kg·m−3) 2185b 977c
μ (n·m−2) 3.09e10b
η (Pa·s) 8.91e−4d
κ (W·m−1·K−1) 1.6b 0.595d
Cp (J·kg−1·K−1) 729b 4179b
α/f 2 (np·s2·m−1) 2.6e−22a 2.3e−14e
βT (K−1) 1.35e−6b 2.1e−4b
aExperimental measurement.
bKaye and laby [14].
cdel Grosso [29].
dcrc Handbook of chemistry and Physics [15].
esmith [30].
TaBlE II. relationship Between number of Bins required in 
the Modeling Phase When a number distribution is Used and 
standard deviation for different ranges of x. 
standard 
deviation 
(σ)
number  
of bins 
(ln x50,0 ± 7σ)
number  
of bins 
(ln x50,0 ± 8σ)
number  
of bins 
(ln x50,0 ± 10σ)
0.1 9 9 13
0.2 9 9 13
0.3 9 9 13
0.4 9 9 13
0.5 9 9 13
0.6 9 9 13
0.7 9 9 15
0.8 9 9 17
0.9 13 19 19
1 21 27 29
1.1 29 33
1.2 35 39
1.3 41 45
1.4 45 49
1.5 55 61
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gation can be applied [31], [32]. This enables attenuation 
and phase velocity to be plotted against the scale param-
eter xf 1/2, which is proportional to both thermal and shear 
wavelengths in fluids [4]; it has the advantage that differ-
ent combinations of particle size and frequency fall on the 
same curve [32]. although we do plot data versus xf 1/2 as 
an abscissa, all of the computations in this work were done 
using the full model of (12).
The relationship between total attenuation for mono-
disperse silica against the scaling parameter xf 1/2 based 
on a log-normal distribution in volume and the physical 
data in Table I is shown in Fig. 4. There are three distinct 
regions in the graphs see Kytömaa [33]: 1) The viscous 
region corresponds to large numbers of small particles, 
where the viscous drag on the particles dominates over 
inertial forces and the shear wavenumber in the continu-
ous phase is much greater than the particle radius (|ksx| 
≪ 1) [31]; 2) a transition region in which the shear wave-
length is commensurable with particle size (|ksx| ≈ 1); and 
3) an inertial region corresponding to small numbers of 
large particles, where inertia forces on the particles domi-
nate over viscous drag and the shear wavelength is much 
greater than the particle radius (|ksx| ≫ 1). The total at-
tenuation is small for high and low values of xf 1/2 and it 
has a maximum value in the transition region.
Plots for three values of standard deviation (0.25, 0.5, 
and 0.75) are shown in Fig. 4. In the viscous region, an 
increase in standard deviation causes a small but signifi-
cant increase in attenuation caused by the inclusion of 
more large particles in the Psd. conversely, in the inertial 
region, the attenuation falls slightly because of the incor-
poration of more small particles. These two effects oppose 
each other in the transition region, although the net effect 
is a decrease in attenuation at higher standard deviations. 
The corresponding plots for a log-normal distribution 
based on number are shown in Fig. 5. This shows a sig-
nificant shift leftward as standard deviation is increased, 
and this follows directly from section II. It could also 
be interpreted as the incorporation of larger numbers of 
smaller particles with increase in distribution width [34]. 
The differences between Figs. 4 and 5 have implications 
for particle sizing which we investigate next.
V. choice of candidate Psd Form
The previously discussed considerations imply that ei-
ther a number or a volume distribution could be used as 
candidate in any given particle sizing exercise. The result 
of the use of either would give parameters with differ-
ent physical meanings, namely volume median or number 
median, and volume standard deviation or number stan-
dard deviation. It should be possible to transform from one 
result to the other using (3)–(11). To illustrate this, we 
have used the wave propagation model to simulate differ-
ent scenarios in a particle sizing exercise; the simulations 
are in five stages:
 1)  choose an input Psd which represents that of the 
actual colloid, log-normal in volume or number. dis-
cretize the distribution into appropriate size bins 
and calculate the measured attenuation spectrum.
 2)  choose a distribution type for the candidate Psd to 
be used at the modeling stage of the Psd estimation 
either matching the choice in stage 1), or not match-
ing the original choice.
 3)  adapt the candidate distribution to give the best 
match between modeled and measured attenuation 
spectra.
 4)  If the measured distribution is volume and the can-
didate is number, calculate the equivalent volume 
median x50,3 from (5). conversely, if the measured 
distribution is number and the candidate is volume, 
Fig. 4. Ultrasound attenuation for silica based on a log-normal distribu-
tion in volume. The solid line corresponds to monodisperse silica, the 
circles correspond to polydisperse silica (σ = 0.25), the triangles cor-
respond to polydisperse silica (σ = 0.5), and the dashes correspond to 
polydisperse silica (σ = 0.75). The range of radii in the calculation was 
ln x50,3 ± 3σ. x is plotted as the median radius.
Fig. 5. Ultrasound attenuation for silica based on a log-normal distribu-
tion in number. The solid line corresponds to monodisperse silica. The 
circles correspond to polydisperse silica (σ = 0.25), the triangles cor-
respond to polydisperse silica (σ = 0.5), and the dashes correspond to 
polydisperse silica (σ = 0.75). The frequency is 10 MHz and the particle 
size range is from 0.0001 to 100 μm. The range of radii in the calculation 
was ln x 50,3 ± 7σ. x is plotted as the median radius.
IEEE TransacTIons on UlTrasonIcs, FErroElEcTrIcs, and FrEqUEncy conTrol, vol. TBc, no. TBc, TBc TBc6
calculate the number median x50,0 using (6). These 
calculations are done in logarithmic size space, so 
if the candidate distribution was number, then the 
equivalent volume median is
 x x50 3 50 0 23, ,exp(ln ),= + σ  (17)
 4)  and conversely for a volume candidate distribution, 
the number median becomes
 x x50 0 50 3 23, ,exp(ln ).= − σ  (18)
The simulations have been done for an aqueous colloid of 
silica particles with a dispersed phase volume fraction of 
3%, a median radius of 200 nm and three values of stan-
dard deviation (0.25, 0.5, and 0.75). For each combina-
tion of Psd, four simulations were performed with either 
volume- or number-based distributions for the input and 
candidate Psds; the results are shown in Tables III–V. 
In the tables, the first two columns indicate the choices 
of input (measured) and candidate Psds. The third col-
umn gives the median radius that resulted from the par-
ticle sizing exercise, either x50,3 or x50,0 depending on the 
candidate distribution type. The fourth gives the median 
values calculated using (4)–(8). The fifth column gives 
the standard deviations that arose from the initial sizing 
procedure. The sixth column indicates the fitting error 
associated with the model adaptation part of the Psd 
estimation. This is a least-square error and was calculated 
using the Marquardt algorithm [9], [10].
The tables indicate clearly that, whatever choice is 
made for the candidate Psd (volume or number), the me-
dian value for the other Psd type is easily obtainable 
from (5) and (7). They also show that the estimate of 
standard deviation is independent of the choice of candi-
date Psd, as expected. In all combinations of input and 
candidate Psds, the fitting errors are very close in value 
for the two types of candidate.
VI. Uncertainties in Physical Properties
The EcaH model requires seven physical properties for 
each phase in a colloidal mixture [35]; they are: density, 
compressibility or compression modulus, viscosity or shear 
modulus, thermal conductivity, thermal volume expan-
sion coefficient, specific heat, and the compression wave 
attenuation coefficient. The properties of many common 
materials are available in established reference works, for 
example [14], [15], although they may not be known for 
many modern materials and it may be difficult, expensive, 
or even impossible to measure them. However, if the phys-
ics underpinning the scattering phenomena, and hence the 
attenuation, is dominated by one of the many phenomena 
implicit in EcaH, it may be possible to make reasonable 
estimates of the missing properties where these do not im-
pinge significantly on the dominant physics. For instance, 
in emulsions, thermal effects dominate through the par-
tial wave coefficient A0 and the density of the suspended 
particles is often close to that of the continuous phase [7], 
[35]. In solid-in-liquid suspensions, the dominant phenom-
ena are visco-inertial, through the coefficient A1, and it 
would seem reasonable to assume that an accurate knowl-
edge of the density of the particles and the viscosity of the 
continuous phase would be required and that the thermal 
properties would be less important. Hipp et al. have devel-
oped these ideas and have used a perturbation technique 
to fit a group of unknown physical properties when the 
sizes of the suspended particles were known accurately [6]. 
Babick et al. showed the degree of dependency of Psd on 
the material properties when attenuation is assumed to be 
caused by either thermal or viscoinertial losses [36]. In a 
particle sizing exercise on suspensions of organic crystals, 
Mougin et al. [37] found that the Psds obtained were 
TaBlE III. simulations of Psd Estimations With different Input and candidate Psds. 
Input 
Psd
candidate 
Psd
Initial estimate of 
median radius 
(nm)
calculated median 
radius 
(nm)
Estimated 
standard 
deviation
Fitting 
error 
(np2/m2)
Volume Volume 200.0 0.249 20.616
Volume number 165.8 199.99 0.250 20.636
number number 199.9 0.250 21.023
number Volume 241.2 199.96 0.249 21.049
In both volume and number cases the input distribution parameters were 200 nm, σ = 0.25.
TaBlE IV. simulations of Psd Estimations With different Input and candidate Psds. 
Input 
Psd
candidate 
Psd
Initial estimate of 
median radius 
(nm)
Interpolated median 
radius 
(nm)
Estimated 
standard 
deviation
Fitting 
error 
(np2/m2)
Volume Volume 199.9 0.499 20.042
Volume number 94.5 200.05 0.499 20.043
number number 200.2 0.499 17.411
number Volume 423.2 199.90 0.500 17.385
In both volume and number cases the input distribution parameters were m = 200 nm, σ = 0.5.
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most sensitive to the densities of both phases of the sus-
pension.
A. Effect of Parameter Variation on Attenuation
To complement the earlier studies previously cited, we 
have conducted a sensitivity exercise for aqueous suspen-
sions of silica particles. Three median radii were used 
(0.01 μm, 0.2 μm, and 0.6 μm); these were specifically 
chosen on the basis that they corresponded with the vis-
cous, transition, and inertial regions, respectively. compu-
tations were done for each of these for three standard de-
viations as before. For each distribution, the attenuation 
was calculated up to 30 MHz and the 10-MHz component 
was selected for analysis. The computation was repeated 
for changes in the values of the physical properties of silica 
in the range 0% to 50% and for each of these, the change 
in attenuation at 10 MHz was expressed as a differential 
with respect to the change in the relevant physical prop-
erty. The results are shown on Table VI for all of the 
physical properties except density and for a single Psd 
with median radius 0.01 μm and a standard deviation 
0.75. The results for the other Psds were similar and so 
are not included here. The principal conclusion from Table 
VI is that quite large variations in the physical properties 
have a minimal effect on the attenuation.
To investigate the sensitivity to density, we have calcu-
lated the change in attenuation at 10 MHz in an aqueous 
suspension of silica particles as the assumed density of 
the silica is changed by up to ± 20% about a true value 
of 2185 kg·m−3. This has been done for the three scatter-
ing regions—viscous, transition, and inertial—identified 
on Fig. 4. In each case, four Psds have been included—
monodisperse, and three polydiserse with σ equal to 0.25, 
0.5, and 0.75, all assumed to be log-normal in volume. 
The results are shown on Figs. 6–8, from which it will be 
seen that the variation in attenuation is in all three cases 
commensurable with or greater than the change in den-
sity. The effect of distribution width is significant in the 
viscous region but negligible in the transition and inertial 
regions, as might be expected from the total attenuation 
curve shown on Fig. 4. These results imply that for solid-
in-liquid suspensions, an accurate value for the density 
of the dispersed phase is required. The effects on particle 
sizing of an erroneous choice for the density value are in-
vestigated in the next section.
B. Effect of Density Variation on Particle Sizing
We now investigate by simulation the effect that an 
erroneous setting of the density of silica would have on a 
Psd estimation. The Psds input to the simulation were 
log-normal in volume. a group of median sizes was cho-
sen to set the conditions at 10 MHz to correspond to the 
viscous, transition, and inertial regions, namely 0.01, 0.2, 
and 0.6 μm, respectively, as used in the previous calcula-
TaBlE V. simulations of Psd Estimations With different Input and candidate Psds. 
Input 
Psd
candidate 
Psd
Initial estimate of 
median radius 
(nm)
Interpolated median 
radius 
(nm)
Estimated 
standard 
deviation
Fitting 
error 
(np2/m2)
Volume Volume 199.9 0.748 18.464
Volume number 36.32 196.33 0.753 18.473
number number 199.1 0.751 5.014
number Volume 1080.7 199.90 0.754 5.031
In both volume and number cases the input distribution parameters were m = 200 nm, σ = 0.75.
TaBlE VI. sensitivity of attenuation at 10 MHz in response to changes  
in the Physical Properties of silica. 
change in X 
(%)
∆α
α
( )C  
(%)
∆α
α
µ( ) 
(%)
∆α
α
κ( ) 
(%)
∆α
α
( )C p  
(%)
∆α
α
α( )/f 2  
(%)
∆α
α
β( )T  
(%)
0 0.00 0.00 0.000 0.00 0.0000 0.0000
+10 0.03 −0.01 −0.003 0.02 0.0000 −0.0003
+20 0.04 −0.03 −0.006 0.05 0.0000 −0.0006
+30 0.05 −0.04 −0.008 0.09 0.0000 −0.0010
+40 0.06 −0.07 −0.010 0.13 0.0000 −0.0013
+50 0.06 −0.11 −0.011 0.17 0.0000 −0.0016
−10 −0.06 0.01 0.004 −0.02 0.0000 0.0003
−20 −0.27 0.02 0.009 −0.03 0.0000 0.0007
−30 1.40 0.02 0.015 −0.03 0.0000 0.0010
−40 0.35 0.03 0.023 −0.02 0.0000 0.0013
−50 0.25 0.03 0.034 −0.01 0.0000 0.0017
C = compression modulus; μ = shear modulus; κ = thermal conductivity; Cp = specific heat; the attenuation 
coefficient of the continuous phase (water) is expressed as α/f 2, and βT = thermal expansion coefficient. The 
first column in the table gives the percent change in any given physical property (denoted X). The remaining six 
columns give the corresponding change in X, expressed as a differential as a function of X.
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tion of attenuation change. For each median radius, three 
values of standard deviation were used (0.25, 0.5, and 
0.75), as before. The attenuation spectra were computed 
up to 30 MHz and each was then subject to a particle 
sizing exercise with the candidate Psd log-normal in vol-
ume. Each Psd estimation was done for a range of density 
values which varied in 2% steps between 0% and ±10% 
of the true value used in the input Psd. The median and 
standard deviations were extracted from these estimated 
Psds and expressed as a percent change with respect to 
the true values initially input to the simulation to rep-
resent the colloid under test. The results for the median 
size are shown on Figs. 9–11 for the viscous, transition, 
and inertial regions, respectively. In all three regions, the 
change in the estimated median size is commensurable 
with or greater than the change in the assumed value for 
density. In the viscous region (Fig. 9) the greatest change 
occurs for the wider Psd, when σ = 0.75, whereas in the 
transition region the change is greatest for the narrowest 
distribution (σ = 0.25). This is likely to be due to the fact 
that, for a narrow distribution, the majority of particle 
sizes will actually be in the transition region. For a wider 
distribution, there will be some spread of particle sizes 
about the transition, with smaller particles approaching 
the viscous regime and larger ones approaching the iner-
tial regime. The change in median in the inertial region 
is similar for all three distribution widths. Further, it is 
interesting to note that the slopes of the curves for the vis-
cous region are negative whereas those for the other two 
are positive. We believe that this phenomenon is related 
to the change in sign of the gradient between the viscous 
and inertial regions in Fig. 4.
Equivalent results for the effect of density variation on 
the estimated standard deviation are shown in Figs. 12–
14. In all three regions, we note that the errors are high by 
comparison with the errors in choice of density value for 
the dispersed phase, and that the errors in the estimate 
Fig. 6. attenuation sensitivity in the viscous region to density change 
for aqueous suspensions of silica particles of concentration 3%v/v and 
distributed as log-normal in volume. The solid line represents the mono-
disperse case μ = 0.01 μm, the other lines are for polydisperse mixtures 
with μ = 0.01 μm and σ = 0.25 (closed circles), σ = 0.5 (closed tri-
angles), and σ = 0.75 (dashes).
Fig. 7. attenuation sensitivity in the transition region to density change 
for aqueous suspensions of silica particles of concentration 3%v/v and 
distributed as log-normal in volume. The solid line represents the mono-
disperse case μ = 0.2 μm, the other lines are coincident and represent 
polydisperse mixtures with μ = 0.2 μm and σ = 0.25 (closed circles), σ 
= 0.5 (closed triangles) and σ = 0.75 (dashes).
Fig. 8. attenuation sensitivity in the inertial region to density change 
for aqueous suspensions of silica particles of concentration 3%v/v and 
distributed as log-normal in volume. The solid line represents the mono-
disperse case μ = 0.6 μm, the other lines are almost coincident and 
represent polydisperse mixtures with μ = 0.6 μm and σ = 0.25 (closed 
circles), σ = 0.5 (closed triangles), and σ = 0.75 (dashes).
Fig. 9. sensitivity of the median estimated in a simulated particle siz-
ing exercise to an error in the assumed value for density. The simulated 
medium was an aqueous suspension of silica particles of concentration 
3%v/v. The solid, dashed, and dotted lines correspond to distribution 
widths σ = 0.25, 0.5, and 0.75, respectively. The true median value was 
0.01 μm, corresponding to the viscous region.
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are greatest for the narrowest distributions—that is, with 
the lowest values for σ. The effects of density variation 
on the fitting error associated with the model adaptation 
part of the Psd estimation are shown in Figs. 15–17. In 
the transition and inertial regions, we note that the fitting 
errors are significantly increased with the errors in the 
density value; however, in the viscous region, the fitting 
errors remain approximately equal with the density varia-
tion. This is more likely due to the effect of the viscous 
drag and inertial force on the three regions as discussed 
in section IV. These results confirm that a correct choice 
of density value is critical to a successful particle sizing 
exercise.
VII. discussion
This study has been concerned with the estimation of 
the particle size distributions (Psds) in solid-in-liquid 
suspensions using ultrasonic attenuation as the basis. The 
initial focus was on the differences between the two types 
of candidate Psd—in volume or number—and a simple 
method to transform between the two. It emerged that the 
actual choice of Psd type did not matter, although it is 
to be noted that the parameters which result have differ-
ent meanings between volume and number. Whatever the 
first choice of candidate Psd, the parameters pertaining 
to the other type can be obtained by simple calculation, 
(5) and (7).
It was shown in Fig. 4 that the expected attenuation is 
only a weak function of the distribution width. The small 
differences on the curves in Fig. 4 imply a requirement for 
very high accuracy and precision (bias and noise) in the 
measurement of the attenuation spectrum. Kalashnikov 
and challis [11] have demonstrated that noise in the raw 
received ultrasonic data maps nonlinearly into errors in 
the calculated attenuation spectrum, and that the errors 
so generated are minimized when the total ultrasonic path 
Fig. 10. sensitivity of the median estimated in a simulated particle siz-
ing exercise to an error in the assumed value for density. The simulated 
medium was an aqueous suspension of silica particles of concentration 
3%v/v. The solid, dashed, and dotted lines correspond to distribution 
widths σ = 0.25, 0.5, and 0.75, respectively. The true median value was 
0.2 μm, corresponding to the transition region.
Fig. 11. sensitivity of the median estimated in a simulated particle siz-
ing exercise to an error in the assumed value for density. The simulated 
medium was an aqueous suspension of silica particles of concentration 
3%v/v. The solid, dashed, and dotted lines correspond to distribution 
widths σ = 0.25, 0.5, and 0.75, respectively. The true median value was 
0.6 μm, corresponding to the inertial region.
Fig. 12. sensitivity of the standard deviation estimated in a simulated 
particle sizing exercise to an error in the assumed value for density. The 
simulated medium was an aqueous suspension of silica particles of con-
centration 3%v/v. The solid, dashed, and dotted lines correspond to true 
distribution widths σ = 0.25, 0.5, and 0.75, respectively. The median 
value was 0.01 μm, corresponding to the viscous region.
Fig. 13. sensitivity of the standard deviation estimated in a simulated 
particle sizing exercise to an error in the assumed value for density. The 
simulated medium was an aqueous suspension of silica particles of con-
centration 3%v/v. The solid, dashed, and dotted lines correspond to true 
distribution widths σ = 0.25, 0.5, and 0.75, respectively. The median 
value was 0.2 μm, corresponding to the transition region.
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loss in the test medium is around 1 np. It is often possible 
to meet this condition by adjustment of the acoustic path 
length between the transmitting and receiving transduc-
ers. In situations where this is not possible, an alterna-
tive is to improve the overall system snr by appropriate 
choice of signal processing schemes, such as the use of 
binary codes and correlation techniques to obtain the raw 
ultrasonic signal; see challis and Ivchenko [38].
The second part of the paper dealt with the frequent-
ly occurring problem of not knowing all of the physical 
properties of the solid phase of the test colloid. We have 
shown clearly that, in the case of a simple solid-in-liquid 
suspension, large changes in any of the physical proper-
ties except density do not have significant effects on cal-
culated attenuation, and by implication, would also not 
be significant in Psd estimation. It would therefore be 
possible to ‘guesstimate’ the physical properties (except-
ing density) on the basis of known properties of chemi-
cally similar materials, and then to check the sensitivity 
to changes in these approximate values using the type of 
analysis presented here. However, the value for the density 
of the particles will be required to be known to an accu-
racy commensurable with that required for the estimates 
of the median size and the standard deviation of the Psd.
VIII. concluding remarks
This study was based on a single material—an aqueous 
suspension of silica particles. although the detail of the 
results may be different for other materials, we suggest 
that the basic simulation methods we have presented with 
have broad application for solid-in-liquid suspensions. 
similar considerations may apply to other types of mix-
ture such as suspensions of soft solids or liquid droplets 
(emulsions). The results of such studies would be both 
interesting and useful, although different from the current 
case of solid particles.
Fig. 14. sensitivity of the standard deviation estimated in a simulated 
particle sizing exercise to an error in the assumed value for density. The 
simulated medium was an aqueous suspension of silica particles of con-
centration 3%v/v. The solid, dashed, and dotted lines correspond to true 
distribution widths σ = 0.25, 0.5, and 0.75, respectively. The median 
value was 0.6 μm, corresponding to the inertial region.
Fig. 15. The fitting error in the viscous region associated with the model 
adaptation part of the Psd estimation exercise to an error in the as-
sumed value for density. The squares, circles, and triangles correspond to 
distribution widths σ = 0.25, 0.5, and 0.75, respectively.
Fig. 16. The fitting error in the transition region associated with the 
model adaptation part of the Psd estimation exercise to an error in the 
assumed value for density. The squares, circles, and triangles correspond 
to distribution widths σ = 0.25, 0.5, and 0.75, respectively.
Fig. 17. The fitting error in the inertial region associated with the model 
adaptation part of the Psd estimation exercise to an error in the as-
sumed value for density. The squares, circles, and triangles correspond to 
distribution widths σ = 0.25, 0.5, and 0.75, respectively.
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